Normal Bases over GF(q)  by Chang, Yaotsu et al.
Ž .Journal of Algebra 241, 89101 2001
doi:10.1006jabr.2001.8765, available online at http:www.idealibrary.com on
Ž .1Normal Bases over GF q
Yaotsu Chang
Department of Applied Mathematics, I-Shou Uniersity, Kaohsiung 840, Taiwan,
Republic of China
T. K. Truong
Department of Information Engineering, I-Shou Uniersity, Kaohsiung 840, Taiwan,
Republic of China
and
I. S. Reed
Department of Electrical Engineering, Uniersity of Southern California, Los Angeles,
California 90089-2562
Communicated by Craig Huneke
Received September 7, 1999
For q a power of a prime p, it is known that if m is a power of p or m itself is a
prime different from p having q as one of its primitive roots, then the roots of any
irreducible polynomial of degree m and of non-zero trace are linearly independent
Ž .over GF q . As a consequence the roots of such an mth degree polynomial form a
Ž m. Ž . Ž .basis of GF q over GF q . Such a basis is called a normal basis over GF q and
Ž .the polynomial is called normal over GF q . Normal bases over finite fields have
proved very useful for fast arithmetic computations with potential applications to
coding theory and to cryptography. In this paper, we prove that for mth degree
irreducible polynomials the above two conditions are indeed necessary and suffi-
cient conditions for the equivalence between the properties of having a non-zero
Ž .trace and being normal over GF q .  2001 Academic Press
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1. INTRODUCTION
Let p be a prime number, q a power of p, and m 2 an integer. It is
Ž m. mwell known that the finite field EGF q of order q can be viewed as
Ž .a vector space of dimension m over FGF q . A basis of E over F of
the form  ,  q, . . . ,  q
m 1
is called a normal basis of E oer F, and  is
Ž .called a normal or free element of E over F. A monic, irreducible
Ž .   Ž .polynomial f x  F x of degree m is called a normal or free polyno-
mial over F if it is a minimal polynomial of a normal element of E over F.
Ž .If  E is a root of a monic, irreducible polynomial f x of degree m,
q q m 1 Ž . Ž . Ž .then the elements  ,  , . . . ,  are roots of f x and f x  x 
Ž q. Ž q m 1. m Ž q q m 1. m1x    x    x  	  	 	 x 	 	
Ž .m q q m 1 Ž .1       . The sum of all roots of f x , an element of F, is
Ž .called the trace of f x , and of  as well. This trace element is denoted by
Ž . Ž Ž .. Ž .tr f  tr f x and tr  .
The existence of normal bases for finite fields was first stated without
   proof by Eisenstein 4 in 1850, its proof was given by Schonemann 11¨
Ž .  later in 1850 for the case GF p and then by Hensel 7 in 1888 for
arbitrary finite fields. Also the exact numbers of normal elements in the
extensions over finite fields were given by Hensel. When m is a power of a
 prime p, Perlis 10 proved that an irreducible polynomial of degree m is
Žnormal if and only if its trace is non-zero see also the works of Hachen-
 .  berger 5, 6 . Later Pei et al. 9 proved that when m is a prime different
from p and having q as a primitive root, an irreducible polynomial of
Ž . Ždegree m over GF q is normal if and only if its trace is non-zero see also
 .the work of Cohen and Hachenberger 3 .
It is natural to ask, in addition to the above two conditions, whether or
not the equivalence between the properties of normal and of non-zero
trace holds for any other values of m. The main purpose of this paper is to
prove Theorem 1, given next.
THEOREM 1. Let q be a power of a prime p and m a positie integer. If
eery mth degree irreducible polynomial of non-zero trace is normal oer
Ž .GF q , then m is either a power of p or a prime number different from p that
has q as a primitie root.
Thereafter we confirm our observation in Theorem 2 that the two
conditions, given in Theorem 1, are indeed necessary and sufficient condi-
tions for the mth degree irreducible polynomials of non-zero trace over
Ž .GF q to be normal. Assume m is neither a power of p nor a prime
number different from p that has q as one of its primitive roots, and also
Ž .Ž . mlet h x  x 1 be an irreducible factor of x  1 of smallest degree.
Ž .We show that some of the factors of a specific polynomial M* x , related
Ž .to h x , defined in Section 3, are such mth degree irreducible polynomials
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Ž .with non-zero trace that are not normal over GF q . As a consequence,
together with some previously known results, the following equivalent
conditions for m are found in the following theorem that guarantee the
Ž .normality of the irreducible polynomials of degree m over FGF q with
non-zero trace.
THEOREM 2. Let q pr be a prime power, p a prime number, and m a
positie integer. Then the following three conditions are equialent:
Ž .i Eery mth degree monic irreducible polynomial of non-zero trace is
Ž .normal oer GF q .
Ž . m Ž .mii The irreducible factorization of x  1 is either x 1 or
Ž .Ž m1 .x 1 x 	 	x	 1 .
Ž .iii m is either a power of p or a prime number different from p haing
q as a primitie root.
Ž . Ž .Indeed, the equivalence of conditions ii and iii can be found in Lidl
     and Niederreiter 8 . The results of Perlis 10 and Pei et al. 9 showed that
Ž . Ž .iii implies i . For the case that m is a prime different from p and has q
 as a prime root see also Cohen and Hachenberger 3 . In Section 2, a
Ž . Ž .different proof of that case is provided. The implication ‘‘ i  ii ’’ follows
directly from Theorem 1 that Theorem 2 is established once Theorem 1 is
proved in the next section.
2. SOME PRELIMINARIES AND TERMINOLOGY
Ž . rLet FGF q denote the finite field of prime power order q p . For
u Ž .a given positive integer m p  k with gcd p, k  1, one has
p u upm kx  1 x  1  h x  h x 1Ž . Ž . Ž . Ž .Ž .1 t
Ž .  for some distinct irreducible factors h x  F x , i 1, . . . , t, wherei
Ž . Ž .h x  x 1. Assume that h x has degree d for i 1, 2, . . . , t, and let1 i i
M x  x m  1 h x 2Ž . Ž . Ž . Ž .i i
Ž . Ž m . Ž . m1for i 1, . . . , t. Then M x  x  1  x 1  x 	 	x	 1,1
Ž . Ž . mM x , . . . , M x are the maximal factors of x  1, and every proper2 t
m Ž .factor of x  1 divides at least one of these M x ’s.i
  Ž .A polynomial in F x is called a q-polynomial over FGF q if it is of
the form,
c x q
n 	 	c x q 	 c x ,n 1 0
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for some non-negative integer n and c , c , . . . , c  F. The polynomial0 1 n
n q i   Ž . n iÝ c x  F x corresponding with the polynomial f x Ý c x isi0 i i0 i
Ž .   Ž Ž ..called the linearized q-associate of f x in F x , denoted by L f x orq
Ž . n isimply by L f . Conversely Ý c x is called the conentional q-associateq i0 i
n q i  of the q-polynomial Ý c x in F x . The conventional q-associate of ai0 i
Ž . c Ž . c Ž Ž ..q-polynomial g x is denoted by L g  L g x . Two special q-poly-q q
nomials are used throughout this paper, namely,
L x m  1  x q m  x ,Ž .q
and
g x  L M  L x m1 	 	 x	 1Ž . Ž . Ž .m q 1 q
 x q m 1 	 x q m 2 	 	 x q 	 x . 3Ž .
Information about the factors of these two q-polynomials is given in the
following propositions:
Ž  .PROPOSITION 2.1 Lidl and Niederrieter 8, p. 52, Lemma 2.13 . The
degree of any irreducible factor of x q
m  x is a diisor of m, and conersely,
eery monic irreducible polynomial with degree, a diisor of m, is a factor of
x q
m  x.
Ž  . Ž .PROPOSITION 2.2 Chang, Truong, Reed, and Mullen 2 . Let f x 
 F x be a monic irreducible polynomial of degree d, with d 
m. Then
Ž . Ž . Ž . Ž .i f x diides g x , if tr f  0.m
Ž . Ž . Ž . Ž .ii f x diides g x if and only if p diides md, proided tr f  0.m
Proposition 2.2 shows that every monic, trace zero, irreducible polyno-
Ž .mial with degree, a divisor of m, is a factor of g x , though its converse ism
not true. Moreover, we have the following:
Ž .COROLLARY 2.3. i If m is relatiely prime to p, then eery irreducible
Ž .factor of g x has trace zero.m
Ž . Ž .ii Eery mth degree irreducible factor of g x has trace 0.m
The following facts are well known for the factoring of a polynomial
Ž . Ž .  f x and its linearized q-associate L f in F x .q
Ž . Ž . Ž .   Ž . Ž .1 Let f x , f x  F x . Then f x divides f x if and only1 2 1 2
Ž . Ž . Ž  .if L f divides L f refer to Lidl and Niederrieter 7, p. 116 .q 1 q 2
c Ž . m1 m Ž .Since L g  x 	 	x	 1 divides x  1, g x is a factor ofq m m
Ž m . q mL x  1  x  x.q
Ž . Ž .  2 Let f x  F x be an mth degree monic irreducible polynomial
Ž . Ž .of non-zero trace. Then f x is not normal over F if and only if f x
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Ž . Ž . mdivides L M for some i 1, where M x is a maximal factor of x  1q i i
Ž  .see Schwarz 12 .
Ž . Ž .Now we will give a proof of the implication ‘‘ iii  i ’’ of Theorem 2:
Ž .  Proof. If there exists an mth degree irreducible polynomial f x  F x
which is not normal and has non-zero trace, then we are going to show
that this cannot happen for those values of m mentioned in the condition
Ž .iii .
m Ž .mFirst, in the case that m is a power of p, one has x  1 x 1 ,
Ž . Ž m . Ž . m1which implies that M x  x  1  x 1  x 	 	x	 1 is the1
m Ž . Ž .only maximal factor of x  1. Since f x is not normal, f x divides
Ž . Ž . Ž .L M  g x . This contradicts Corollary 2.3 ii .q 1 m
On the other hand, let m p be a prime number that has q as a
primitive root. Then x m  1 has only two irreducible factors, say x 1
and x m1 	 	x	 1. These two polynomials are also the only maximal
m Ž . Ž . Ž m1factors of x  1. Since tr f is not zero, f x cannot divide L xq
. Ž . Ž . Ž . q	 	x	 1  g x . Therefore, f x divides L x 1  x  x. Thism q
Ž .implies that f x splits over F, which is absurd.
Some results about counting the irreducible polynomials over F are
needed in the proof of Theorem 1.
Ž .For r FGF q , the polynomials,
I r m  the product of all monic, trace-r , irreducible polynomialsŽ .q
 in F x of degree m ,
and their corresponding numbers of terms,
N r m  the number of all monic, trace-r , irreducible polynomialsŽ .q
 in F x of degree m ,
rŽ .play vital roles in the proof of Theorem 1. The counting functions N mq
 have been studied extensively by the authors in 1, 2 . The elegant
rŽ .evaluations of N m in terms of the Mobius function are included here¨q
for completeness and for later reference.
Ž  .PROPOSITION 2.4 Chang, Truong, Reed, and Mullen 2 . For any
Ž .  4positie integer m and for any non-zero r F*GF q  0 one has
N 1 m N r m .Ž . Ž .q q
Moreover, if m is relatively prime to p, then one has:
Ž  .PROPOSITION 2.5 Chang, Truong, Reed, and Mullen 2 . For
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Ž .gcd p, m  1 one has
1
0 1 m d1N m N m   d q ,Ž . Ž . Ž .Ýq q m d
m
Ž .where  d is the Mobius function.¨
Ž  .PROPOSITION 2.6 Chang, Truong, Reed, and Mullen 2 . If m is a
Ž .multiple of p, then for any r FGF q , one has
1
r m d1 m p dN m   d q   r q ,Ž . Ž . Ž .Ž .Ýq 0m d
m
Ž .d , p 1
where  is the Kronecker delta-function.
The following lemmas are needed in the proof of Theorem 1 for the
purposes of estimation. The proof of Lemma 2.7 is straightforward.
LEMMA 2.7. For the positie integers m, a, and b with m ab, then
mŽ . Ž . Ž .Ž .i m a   a 1 b 1  1, anda
mŽ . Ž . Ž .ii m a   a b 2 .b
In both cases, equality holds if and only if m ab.
Ž  .LEMMA 2.8 Chang 1 . If k is a positie integer with the smallest prime
factor  and with m a multiple of k, then for any positie integer n 2 one
has the inequality
nm  2  nm  d nm d nm .Ž .Ý
d
k
3. PROOF OF THEOREM 1
u Ž .Let m p k with gcd p, k  1. Suppose to the contrary that m is
neither a power of p nor a prime number different from p that has q as
one of its primitive roots; i.e., m is not a positive integer as assumed in
Theorem 1. Then we show next that there exist mth degree irreducible
Ž .polynomials of non-zero traces which are not normal over GF q .
Ž .Under the above conditions on m, let h x be an irreducible factor of
x m  1 other than x 1 but with the smallest degree d. Then 1 d
m 1, and
M x  x m  1 h xŽ . Ž . Ž .
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m Ž Ž .. Ž .is a maximal factor of x  1 and deg M x m d. Let g x denote
Ž . Ž . m1the greatest common factor of M x and M x  x 	 	x	 1.1
Then
g x  x m  1  x 1 h x ,Ž . Ž . Ž . Ž .Ž .
Ž . Ž . Ž . Ž . Ž .and the degree of g x is m d	 1 . Because g x divides M x , L gq
Ž .divides L M . Letq
M* x  L M L g .Ž . Ž . Ž .q q
Ž . Ž . Ž . Ž .Then M* x and L g are relatively prime since both L M and L gq q q
have no repeated factors. Moreover, in terms of these definitions and
consequences we have the following lemmas needed for the Proof of
Theorem 1:
Ž . Ž .LEMMA 3.1. i M* x has no irreducible factor of trace zero.
Ž . Ž .ii Any mth degree irreducible factor of M* x of non-zero trace is not
normal.
Ž . Ž Ž .. Ž . md1iii deg M* x  q 1 q .
Ž . Ž . Ž . Ž .Proof. i If f x is an irreducible factor of M* x , then f x divides
Ž . Ž .the q-polynomial L M , and by Proposition 2.1 the degree of f x is aq
Ž . Ž . Ž .divisor of m. If the trace of f x is zero, then by Proposition 2.2 i , f x
Ž . Ž . Ž . Ž Ž . Ž ..divides g x and hence f x is a factor of P x  gcd L M , g xm q m
Ž . Ž . Ž . c Ž .which is a q-polynomial. Since P x divides both L M and g x , L Pq m q
Ž . c Ž . Ž . c Ž .divides both M x and L g M x . It follows that L P dividesq m 1 q
Ž Ž . Ž .. Ž . Ž . Ž .gcd M x , M x  g x , which implies that P x divides L g . There-1 q
Ž . Ž . Ž .fore, f x is a factor of L g and hence a common factor of M* x andq
Ž .L g , a contradiction.q
Ž . Ž . Ž .ii Since M* x is a factor of the q-polynomial L M , every factorq
Ž . Ž .of M* x has a q-polynomial multiple L M , which is not normal.q
Ž . Ž . Ž . Ž Ž .. mdiii Since L g divides L M , deg L M  q andq q q
Ž Ž .. md1 Ž . Ž Ž ..deg L g  q , one has the degree of M* x is deg L M q q
md1Ž Ž .. Ž .deg L g  q 1 q .q
  Ž Ž ..By applying results in 8 , a lower bound for deg M* x can be
obtained.
Ž .LEMMA 3.2. i If m is not prime and  is the smallest prime factor of m
different from p, then
deg M* x  q 1 q m . 4aŽ . Ž . Ž .Ž .
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Ž .ii If m is a prime number different from p and q not a primitie root
of m, then
deg M* x  q 1 q d . 4bŽ . Ž . Ž .Ž .
Ž .Proof. For positive integer n, let Q x denote the nth cyclotomicn
  mpolynomial over F. Then by Theorem 2.45 in 8 one has x  1
Ž .Ł Q x .d 
m d
Ž . Ž . mi Since  divides m, Q x divides x  1, which yields d
Ž Ž .. Ž Ž .. Ž Ž .. Ž . mdeg h x  deg Q x   1. Therefore deg M* x  q 1 q .
Ž .   Ž . Ž . Ž .ii By Theorem 2.47 in 8 , h x is a factor Q x and Q x can bem m
m 1 factored, in F x , into distinct monic irreducible polynomials of thed
m 1same degree d. Since q is not a primitive root of m, r  2. Hence,d
Žm1.d Ž r1.dŽ Ž .. Ž . Ž . Ž .deg M* x  q 1 q  q 1 q  q 1 d.
Ž .Theorem 1 will be proved once we show that M* x has some mth
Ž .degree irreducible factors of non-zero trace; by Lemma 3.1 ii those
factors are not normal.
Note first that the q-polynomial x q
m  x can be factored in the follow-
ing way:
x q
m  x I 0 d  I r dŽ . Ž .Ł Ł Łq qž /ž /
d
m d
m rF*
 I 0 d  I r d  I r m . 5Ž . Ž . Ž . Ž .Ł Ł Ł Łq q qž /ž / ž /d
m d
m rF* rF*
dm
0Ž . rŽ . rŽ .Let the products Ł I d , Ł Ł I d , and Ł I md 
m q d 
m , dm r F* q r F* q
Ž . Ž . Ž . Ž .that occur in Eq. 5 be denoted by I , II , and III , respectively. This
notation is used repeatedly in the remainder of the paper.
Ž . Ž .Since by Lemma 3.1 i each irreducible factor of M* x has a non-zero
Ž . Ž .trace, such a factor must appear in either II or III . If the number of
Ž . Ž . Ž .distinct irreducible factors of M* x is more than that in II , then M* x
Ž . q mhas at least one factor coming from III . Since x  x has no repeated
Ž . Ž .factor, M* x also has no repeated factor. Hence, to prove that M* x has
Ž .more irreducible factors than product II is equivalent to showing that the
Ž . Ž . md1 Ž .degree of M* x , i.e., q 1 q , is greater than the degree of II . In
Ž . Ž .that case, then M* x has at least one factor coming from III , i.e., an
Ž .mth degree irreducible factor f x of non-zero trace. According to Lemma
Ž . Ž .3.1 ii , f x is not normal. Hence, the task we need to accomplish is to
Ž . Ž Ž .. Ž .show deg II  deg M* x , and indeed by Lemma 3.2 to show deg II 
Ž . mq 1 q , where  is the smallest prime divisor of m.
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Ž .Note that the degree of III , namely,
deg I r m  deg I r m m  N r mŽ . Ž . Ž .Ž .Ł Ý Ýq q qž /
rF* rF* rF*
can be simplified further. Since by Proposition 2.4 for non-zero r F
Ž . rŽ . 1Ž . Ž .GF q one has N m N m , the degree of III becomesq q
m  N 1 m m  q 1  N 1 m . 6Ž . Ž . Ž . Ž .Ý q q
rF*
Ž .From the following equation for the degrees of the polynomials in Eq. 5 ,
deg x q
m  x  deg I 	 deg II 	m q 1 N 1 m ,Ž . Ž . Ž . Ž . Ž .q
one has
deg II  q m  deg I m q 1 N 1 m . 7Ž . Ž . Ž . Ž . Ž .q
Ž . Ž .To calculate the degree of II , one has to determine the degree of I
1Ž .and the value of N m , with both numbers depending on whether m isq
relatively prime to p or not. The proof for these two latter cases is treated
separately in the following two subsections. The results of these two
Ž . Ž Ž .. Ž .subsections lead respectively to deg II  deg M* x and deg II 
Ž . mq 1 q , where  is the smallest prime divisor of m.
3.1. The Case for m Relatiely Prime to p
If m is relatively prime to p, then by Proposition 2.2 and Corollary 2.3,
Ž . Ž . Ž . m1 Ž .I  g x , and the degree of I is q . Evidently the degree of II ism
1Ž .determined if N m is known. Indeed, by Proposition 2.5q
1
1 m d1N m   d qŽ . Ž .Ýq m d
m
Ž .since gcd m, p  1. Hence,
deg II  q m  deg I m  q 1  N 1 mŽ . Ž . Ž . Ž .q
q 1
m m d q   d q . 8Ž . Ž .Ýž /q d
m
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Ž .It follows from Eq. 8 and Lemma 2.8 that
q 1
m mdeg II   2  q  q 1  q , 9Ž . Ž . Ž .
q
where  is the smallest prime factor of m. If m  , then one has
m Ž .m  by Lemma 2.7 i , and hence
deg II  q 1 q m .Ž . Ž .
It remains to treat the case when m  is a prime number different
Ž Ž ..from p, and q is not a primitive root of m. Since deg M* x  q 1 by
Ž . Ž . Ž .Eq. 4b , and deg II  q 1 by Eq. 8 , we have finally for the case
m  that
deg II  deg M* x .Ž . Ž .Ž .
3.2. The Case for m puk, u 1
Ž .When m is a multiple of p, deg I can be determined in the manner
shown next. Since
u
0 0 iI  I d  I p d ,Ž . Ž . Ž .Ł Ł Łq qž /
d
m i0 d
k
u u
0 i i 0 ideg I  deg I p d  p d  N p d ,Ž . Ž . Ž .Ž .Ý Ý Ý Ýq q
i0 d
k i0 d
k
Ž .it follows from Eq. 7 that
u
m i 0 i 1deg II  q  p d  N p d m q 1 N m .Ž . Ž . Ž .Ž .Ý Ý q q
i0 d
k
Ž .To determine the value of deg II , one needs to determine the values of
0Ž . 1Ž .N m and N m when m is multiple of p. Both of these numbers can beq q
Ž .found from Proposition 2.6. An upper bound for the degree of II can
then be derived from the following lemma:
LEMMA 3.3. If  is the smallest diisor of k, then
q 1m m pŽ . Ž .i deg II  2  q 	  2  q , andq
Ž . Ž . m *  4ii deg II  4  q , where *min p,  .
Ž . Ž . Ž k d1 u Ž p i k d1Proof. We first prove that deg I Ý  d  q 	Ý qd 
 k i1
p i k p d ..  4q . For every i 0, . . . , u , one has
deg I 0 pid  deg I 0 pik ,Ž . Ž .Ž . Ž .Ý q q
d
k
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and hence,
u u
0 i 0 i 0 ideg I  deg I p k  k  N k 	 p k  N p k .Ž . Ž .Ž . Ž .Ž .Ý Ýq q q
i0 i1
0Ž .Since p and k are relatively prime, by Proposition 2.5, N kq
1 k d1Ž . Ý  d q . Hence, by Proposition 2.6d 
 kk
u
k d1 i 0 ideg I   d q 	 p k  N p kŽ . Ž . Ž .Ý Ý q
d
k i1
u
i ik d1 p k d1 p k p d  d  q 	 q  p .Ž . Ž .Ý Ýž /
d
k i1
Since
deg II  q m  deg I  q 1  d q m d1 ,Ž . Ž . Ž . Ž .Ý
d
k
Ž .by Eq. 7 and Proposition 2.6
u1q 1 im m d p k ddeg II  q   d  q 	  d  q . 10Ž . Ž . Ž . Ž .Ý Ý Ýqd
k i0 d
k
Ž . m dIf  is the smallest prime factor of k, then by Lemma 2.8, Ý  d qd 
 k
m m Ž . p i k d p i k q  2  q . Moreover, one has Ý  d q  q for everyd 
 k
i 0, . . . , u 1. Therefore,
u1q 1 im p kdeg II  2  q 	 q .Ž . Ýq i0
i ui u1 m p u i m p Ž .Since p kmp and Ý q  2  q , one has deg II  2 i0
q 1m m pq 	  2  q , as required.q
Ž . Ž Ž ..To show deg II  deg M* x , we treat the cases p 2 and p 3
separately in the rest of the proof. For the case p 2, one has  2 and
Ž .m 2 . When m 2 , one has by Eq. 4a
deg M* x  2 1 22 2 ,Ž . Ž .Ž .
Ž .and by Eq. 10 that
111 im m d 2 k ddeg II  2   d  2 	  d  2Ž . Ž . Ž .Ý Ý Ý2d
k i0 d
k
1
2  d 1 1    2 	  d  2  2 	 3.Ž . Ž . Ž .Ý2 d

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Ž Ž .. Ž . 1 Ž Ž ..Hence, deg M* x  deg II  2  3, so it follows that deg M* x
Ž . deg II since  3. Otherwise, m 2 and thus m 6. Then by
Ž . Ž . m2	1Lemma 3.3 i one has deg II  2 . Since m 2 and m is even,
m Ž .m  	 1 by Lemma 2.7 ii . Therefore,2
deg II  2 m2	1  2 m 2 1 2 mŽ . Ž .
as required.
Ž . Ž . m *In the case p 3, one has by Lemma 3.3 ii that deg II  4  p 
mm *	1 Ž .2  p . Since m    1 for either * p or  , by Lemma 2.7*
one has finally that
deg II  2  q m *	1  2  q m q 1  q mŽ . Ž .
as required finally for the proof of Theorem 1.
Remark. If m is not the type of positive integer mentioned in Theorem
Ž .1, then there are mth degree irreducible polynomials over FGF q with
non-zero trace that are not normal over F. Actually, for every non-zero
Ž .element r of FGF q , there exist mth degree irreducible polynomials
Ž .over FGF q with trace equal to r that are not normal over F.
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